Abstract. In the fiercely competitive global marketplace, innovation alone is no longer enough. University-industry collaboration has been identified to be one of game changer to sustain the innovation ecosystem. Many research centers have been established to provide a platform for collaboration between university researchers and industrial research managers. Its benefits are substantial to both ends. The benefits are mutual, particularly in terms of students who complete university programs and join industry research and development teams. The U-I collaboration, on one hand, brings in ideas in the academic forefront to accelerate technological advancement in industrial firms, on the other hand, strengthens the education of engineers and mathematicians, and economists at universities by providing research projects generated by real technological issues from industry. It is clear that this marriage invigorates the current stereotype engineering education through new industrial challenges. However, not many university-industrial ties are as well established as university to university or company to company collaborations within academia or within industry. Thus, it is imperative to conduct a scientific study on the mechanism of university-industry collaborations and provide insights on possible measures and strategies that research centers can take to promote university-industry links. In this paper, we establish a mathematical model for the utility of both collaborative parties in a university-industry collaboration network. We analyze the criteria a firm should apply to select an academic collaborator to optimize its utility from its R&D investment which includes an investment in a future workforce. We also analyze the criteria a university engineering research team should apply to select a project from a firm to enhance its research capacity and diversify its engineering programs as well.
Introduction
In the current global knowledge-and-technology intensive marketplace, the Research and Development (R&D) department plays a vital role in the development of a firm or an industry. During the last decade, we have seen a rapid increase in the research of R&D collaboration in econometric scale, much of which is among firms or inside industry. However in the fiercely competitive global marketplace, innovation alone is no longer enough. A rising trend of university-industry collaboration provides a more open platform for innovation and is given increasing attention from local and federal government. It is a game changer in that it reduces time-tomarket for new findings and new ideas in the academic forefront into economic value.
In U.S., more and more organizations have been established to provide a platform for collaboration between firms and research institutions. In the report of the President's Strategy, "A Strategy for American Innovation", some policies have been identified to sustain the innovation ecosystem that will deliver benefits to all Americans [1] . The Administration has consistently called for sustaining America's long-term economic competitiveness and growth through robust investments in the building blocks of the American innovation ecosystem. For example, the National Network for Manufacturing Innovation (NNMI) aims to create a competitive, effective, and sustainable manufacturing research-to-manufacturing infrastructure. Usually, the new fundamental results from federally funded research such as National Science Foundation have a very slow and uncertain path to commercial viability. The Administration's Lab-to-Market Initiative is working to accelerate technology transfer for promising new innovation. The Federal Government is also playing a critical role in supporting regional efforts to strengthen local and regional innovation ecosystems that sustain economic growth and job creation.
Many states have established different centers which provide a platform for collaboration. In some of the centers, universities lead a consortium to identify new and emerging areas that would benefit from shared public-private investment in research and development, education and training. On the other hand, in some other centers, companies lead a consortium to identify new and emerging areas of the industry that would turn ideas into payoff faster and more affordably than ever before. Such cooperative economic networks among companies, universities, and local governments (CUG) have been studied in terms of their stability and efficiency [7] .
From a university's perspective, its tie to the industry goes beyond grants. University engineering, mathematics, and economics programs have been widely criticized for lack of practical training. Its goal focuses more on students' understanding of empirical conclusions in each discipline, but less on students' skills of creatively applying their knowledge for solutions of real world engineering problems. However, these skills are what industrial firms really hope to find from their prospective employees. This is referred as gap between graduates' readiness and industry's requirement and has been studied in the areas such as software engineering [11] . Overall, science, technology, engineering, and mathematics (STEM) education has firm roots in the industrial development. To bridge the aforementioned gap, the most direct approach is to bring in real industrial projects and incorporate them in the engineering programs. From this angle, U-I collaborations provide excellent opportunities for engineering students to gain hands-on experience that will potentially benefit their future industrial career, and U-I collaborations have substantial impact on boosting the quality of university engineering education by introducing practical training to traditional pedagogy of engineering education.
From a firm's perspective, a significant advantage of university-industry collaboration is that it overcomes the issues of knowledge sharing and knowledge management it needs to face when collaborating with its competitors. When a firm decides to work with a research team in a university for innovations, the next question for them would be how to find an academic collaborator? Data has shown that such university-industry link is usually local, for a lower cost of the interactions between the collaborative parties [10] . At this local network level, it is still critical for a firm to select its academic collaborator to maximize the outcome of their investment. In this study, we establish a mathematical model of utility (or payoffs) of both collaborative parties in a university-industry link. Then we analyze the criteria a firm should apply to select an academic collaborator to optimize its payoff from its R&D investment. We also analyze the criteria a research team should apply to select a research project from a firm to advance its stock of knowledge.
In our model, a firm links to a university to form a R&D research consortium to conduct an innovation R&D project. The firm provides the investment, which is the cost of project conduction carried out at the university. The university receives the investment and conduct the research for the project. The outcome of these projects, in the form of stock of knowledge and preparation for students, benefits both sides and gives a win-win situation: the firm uses the new innovation to reduce its production cost; the university, in addition of obtaining investment, increases its research capacity, which in turn enhances its ability to produce well prepared graduates and potential for additional grants as well as its reputation among universities.
Past theoretical research on cooperative research and development (CRD) among profit oriented firms are abundant in the literature and has focused on various aspects of the cooperation. Some of the research presented in the managerial literature [12, 13, 14, 15, 16, 17, 18, 19] claim that the main motivation of CRD among companies is scale-based which implicitly implies that R&D generates only new information and the principal purpose of CRD therefore is to share costs. A typical assumption in this approach is that all firms are symmetrical in terms of their capabilities or knowledge. This assumption unfortunately limits the possible application of this approach. In contrast, an alternative approach suggests that the CRD not only generates new information but also enhances the firm's ability to assimilate and exploit existing information, therefore, R&D could be viewed as a learning process and cooperative R&D could be modeled based on "the stock of knowledge" of firms in alliances. This approach also has relaxed assumption that allows firms in consortium to have heterogeneous capabilities. Literature on this robust way of modeling CRD could date back to the late 1980s [20, 21, 22] and has since been applied to explain various organizational phenomena, such as the large-scale reliance on interorganizational collaborations in the biotechnology industry [23] , the role of direct ties, indirect ties and structural holes in a firm's network of relations on innovation [24] and the relationship between the openness of firms' external search strategies and their innovative performance [25] , just to name a few. Readers could also consult [26] for a more comprehensive review.
Introduced in 1940s by von Neumann and Morgenstern [27] , modern game theory as the study of "mathematical models of conflict and cooperation between intelligent rational decision-makers" [28] is poised ideally to analyze the resource-based models of CRD reviewed above. As a matter of fact, various tools and concepts in game theory have already been utilized to analyze these models in a number of applications. For example, prisoner's dilemma is used in [29] to analyze alliance behavior towards an opportunistic partner; in [30] to argue that reputation might benefit collaboration in two-firm collaboration; evolutionary game theory is used in [31] to determine whether or not to collaborate and the amount of collaboration in e-collaboration game with discrete strategies; non-cooperative non-zero sum games are used in [32] to model and analyze equilibrium in a coopetition (collaboration to compete) situation; fuzzy sets theory is used in [33] to model team behavior of multifunctional product design teams towards design alternatives.
Among all these applications, one that is most closely related to our article is [9] where the model suggests that if consortium participants possess complementary knowledge, the participation increases the degree of knowledge sharing, intensifies firms' R&D efforts to learn from other members and more importantly, enhances social welfare which may be viewed form either the workforce aspect or in terms of the general advance of knowledge, justifying government's support for these projects.
Major departure of our model is that different from the previously reviewed literature where collaboration in a network of commercial companies is studied, in this article, we study the collaboration in a two-party network of commercial firms and research teams in universities. Research teams in universities play an important role in the collaboration: the actual personnel who solve the research problems are faculty member and mathematics or engineering students who are part of the research teams, not the research scientists employed by commercial firms. A direct implication of this is that the utility of research teams under this U-I framework should not be measured by monetary value, rather, it should be measured by the educational benefits in the form of increase in research capabilities of (faculty and student) members of the research teams. This is the reason why we chose to work with the concept of stock of knowledge. Another more subtle implication is that in contrast to [9] , where the degree of knowledge sharing, or knowledge spillover, is a very important factor to consider due to the competition between firms, our model assumes that mutual trust between the two ends is solid, and the knowledge produced during the collaboration will be completely delivered to both sides without reservation. Our goal here is to analyze and identify the factors and conditions that could contribute to a greater utility of both parties in the network. This would provide certain guideline to help sustain the collaboration in this kind of network where commercial firms benefit from a saving of R&D costs while both universities and companies benefit from producing more job-ready students. In what follows, the word "value"will be used in a very liberal sense. It is referred to not just the traditional monetary return when associated with utility of university research teams, but also the increase in reserve of knowledge.
The organization of the paper is as follows. In section 2, we build the mathematical model for the collaboration between a firm and a research team in a university. The fundamental assumptions for the model are also discussed. In section 3, by applying some simple but appropriate formulations which fulfill the assumptions of the model, we are able to conduct game theoretical analysis and some very interesting results are proved. At the last section, the results of our model and analysis are summarized and some conclusions are made.
Notation and Mathematical Model
This section introduces the notations and the mathematical model of the payoff for both the firm and the university, as well as the assumptions underlying the mathematical model.
Decision Variables. z
The stock of knowledge which is also mapped to the number journals, patents and students thesis produced or affiliated with the research M The investment from the firm N The research capacity of the university γ The relevance of the university research team to the firm's innovation project β The intensity that the university research team will engage to the firm's innovation project Remark 1. N the research capacity includes the labor force of research staff including students and all the equipments, facilities a university possesses for research purpose. γ measures the matchness between the firm's innovation project and university research team's capacity, it is a number between 0 and 1. β measures the percentage of research capacity that a university research team will devote to the firm's innovation project. It is also a number between 0 and 1.
2.2.
Assumptions. To develop the model, we make the following assumptions:
(1) The network includes enough number of firms and universities, such that both sides have the chance to select their collaborator for research conduction, which means not only a firm can choose a university to collaborate with, but vice versa. For the sake of simplification, we assume that one firm can only link to one university at one time, and one university can only link to one firm at one time as well.
(2) The collaboration creates added value to the firm's product development process by reducing the production cost ( [3] , [4] ), and to the university by increasing the university's research capacity N for advanced knowledgement. (3) The collaboration engenders coordination cost, and when the stock of knowledge is applied to product development, integration cost is incurred ( [3] , [4] ). Both the coordination and integration cost are not included in the investment M . Let us name the sum of coordination cost and integration cost as collaboration cost. The collaboration cost depends on the relevance of the university to the innovation project γ and the intensity of the project conduction β as well. (4) University research capacity N depends on the university size and reputation. Larger universities typically have more faculty with stronger reputations and because of size typically more capacity. As such, the outcome of the collaboration z has a tendency to be larger than smaller universities. However, the marginal cost of project conduction (such as the usage of the research facilities, the payment to the research staff) at larger university will be higher.
2.3.
Formulation of the Stock of Knowledge. The stock of knowledge z, the outcome of the collaboration, is the added value created by the collaboration. It is determined by M , N , γ and β. Inspired by [5] and [8] , we propose z satisfies the Cobb-Douglas production function:
In (1), the output elasticity for capital α is between 0 and 1. We assume the output elasticity for labor is linear to β, the university's intensity of the project engagement, thus is denoted by λ 1 β + λ 2 and satisfies 0 < λ 1 β + λ 2 < 1. The productivity factor k(γ) satisfies the first derivative k γ > 0 and second derivative k γγ < 0, which indicates the stock of knowledge will increase as the firm chooses a university that has more relevance with their innovation project, but the rate of such increase decays as relevance increases.
Formulation of the Firm's Model.
Here we adapt the model in [4] and [3] . The payoff of the firm from the collaboration satisfies:
firm's payoff = added value of collaboration to the firm − project investment − collaboration cost −production cost
We assume the "added value of collaboration to the firm"is proportional to z, the stock of knowledge created in the collaboration. The production cost also depends on z. Production cost reduces if stock of knowledge increases. Thus we denote production cost as c i (z), where the first derivative c i z < 0. In addition, let s(β, γ) denote the collaboration cost. The mathematical model for the firm's payoff is:
where b 1 is a positive constant and b 1 >> 0. We assume furthermore that s(β, γ) is convex with respect to both β and γ. The collaboration cost increases as the relevance γ decreases, but at a decay rate. That is, s γ < 0 and s γγ > 0. And c i (z) is also convex with respect to z.
2.5.
Formulation of the University's Model. The payoff of the university from the collaboration satisfies:
university's payoff = added value of collaboration to the university +project investment − project conduction cost
We assume the "added value of collaboration to the university"is proportional to z. And it is also proportional to the degree of knowledge complementarity, which is the degree of irrelevance, i.e. 1 − γ. Project conduction cost depends on university research capacity N , the intensity of the university's engagement to the project conduction β, and the relevance of university research team to the innovation project γ. Thus the mathematical model is
where b 2 is a positive constant. We further assume that the less relevance γ can lead to an increase in the university's project conduction cost, but at a decay rate. This indicates c u γ < 0 and c u γγ > 0
Game Theoretical Analysis
For the purpose of simplicity, the stock of knowledge z, the collaboration cost s(β, γ), the firm's production cost c i (z), and the university's project conduction cost c u (N, β, γ) are given by the simple formulations that bear all the assumptions in section 2.
3.1. Formulations of the Models. Based on the assumption of section 2, we define z, s(β, γ), c i (z) and c u (N, β, γ) as follows: With the above expressions, the payoff Π I and Π U becomes
3.2. Non-Cooperative Game. In this part, we look into the noncooperative game between the firm and the university in this collaboration. In a noncooperative game, each party optimizes its own payoff based on available information and data.
3.2.1. The Firm's Game. On the firm's side, with a investment budget M . The selection of an innovation collaborator (from the pool of universities) is crucial to their payoff. The available variables for a firm to make such decision is (1) a university's size and reputation, or in the current scenario, a university's research capacity N .
(2) a university's relevance to the firm's innovation project γ. Our study leads to the following results:
Claim 1. The increase of university research capacity N will increase the firm's payoff Π I from the U-I collaboration, at a rate that decays.
Proof. Consider the first order of the firm's payoff Π I with respect to the research capacity N :
The second order condition of Π I with respect to N
Remark 2. Claim 1 shows that when all other factors fixed, a firm will choose to collaborate with the university that has the largest research capacity, or the best reputation. But when the research capacity reaches certain level (N large enough), the impact of different research capacity between universities becomes less relevant to the firm's payoff, other factors may play a more important role for the optimization of the firm's payoff over the U-I collaboration.
Claim 2. The increase of γ, the relevance of university research team to the innovation project will increase the firm's payoff Π I from the U-I collaboration, at a rate that decays.
Proof. Consider the first order of firm's payoff Π I with respect to the relevance γ:
The second order of Π I with respect to γ:
Remark 3. Claim 2 and its proof shows that when all other factors fixed, a firm will choose to collaborate with the university that is most relevant to its innovation project. However, when the relevance γ is large enough, other factors may play a more important role for the optimization of the firm's payoff over the U-I collaboration.
Compare (6) and (8), the first order of Π I respect to N and γ. Keep in mind 0 < γ < 1, 0 < λ 1 β + λ 2 < 1, N >> 1 and I >> 1, We arrive at
(10) infers the following important result:
Claim 3. The relevance of a university's research team to the firm's innovation project γ has a larger marginal effect than its research capacity N to the payoff of the firm.
Remark 4. Claim 3 indicates when a firm makes the decision as to which university they should collaborate with for their innovation project, relevance of a university to the project should be put into priority over its research capacity (or its reputation).
3.2.2. The University's Game. A university, in order to maximize its payoff, need to link to the correct firm (or innovation project) that allows the university to exploit its research capacity and support for students the most. The available variables for a university to plan the utilization of its research capacity are: (1) A firm's investment for its innovation project M ; (2) The intensity of university's engagement to the innovation project β.
Claim 4. The increase of the investment M in an innovation project increases the university's payoff Π U from the U-I collaboration.
Proof. Consider the first order of university's payoff Π U with respect to the investment M :
Let
It can be seen that 0 < γ 0 < 1 and γ 0 is the zero of
This indicate that the marginal payoff with respect to investment M decreases as γ increases when γ > γ 0 . This result lead to the following important claim:
Claim 5. When two innovation projects provide same investments M and when university's relevance to both projects reaches a level of more than γ 0 , a university will choose to collaborate with the project where it has less relevance in order to maximize its payoff.
Remark 5. The logics behind Claim 5 is that participating in the project where it is hopes to grow expertise will provide more benefit to its students in the long term and to faculty in the near term. Providing the means to advance its reputation among firms increasses complementarity, and augments the research capacity, and ultimately a higher payoff. In some cases, companies has decided to increase its level of engagement with smaller universities to leverage specific expertise and attract a broader pool of students and capabilities.
Next, we discuss the impact of β, intensity of a university's engagement in an innovation project to its own payoff Π U .
Consider the first order of Π U with respect to β,
From (13), we solve for the critical point of the first order,
Claim 6. To optimize its own payoff from the collaboration, the intensity a university engages in an innovation project should be β * given in (14) .
Consider the first order of β * with respect to γ
This result gives to the following claim:
Claim 7. For 0 < γ < 1/2, a university's optimal engagement to an innovation project β * decreases as γ increases. For 1/2 < γ < 1, β * increases as γ increases.
Remark 6. Claim 7 shows, when a university's relevance to an innovation project is low, the project costs require a large expenditure of resource (including both labor and equipment). But such expenditure decreases when relevance increases. On the contrary, when a university's relevance to an innovation project is high, the university's expenditure on the innovation project is less. However, to achieve its optimal payoff, the university's resource expenditure has to increase and align with relevance to increase payoff in terms of reputation and quality of results. In some cases, if expenditures for larger universities decrease with increasing relevance, there is a possibility of reputational risk. In such cases, the university fails to meet industry expectations.
The analysis of Remark 6 echoes Remark 5 that, driven by its long run payoff, a university prefers to collaborate with the innovation project that it has less expertise in.
3.3. Cooperative Game. In a cooperative game, the alliance of a firm and a university aims at maximize their combined payoff Π C . Following [2] and [6] , Π C satisfies (4) and (5) to (17),
The following analysis is based on the scenario that the link between a firm and a university has formed and an innovation project is going to start.
Consider the first order of (18) with respect to M ,
where
Combine (19) and (20) , and solve ∂Π C ∂M = 0 for φ, we get
Claim 8. Given the investment M , the proportion φ associated to M that will maximize the combined payoff Π C of the research alliance is given in (21) .
Consider that 0 < φ * < 1, (21) has to satisfy
and
The constraints in (22) and (23) together yields,
(24) shows, for a given investment M , the university related variables (N, β, γ) should satisfy certain condition (24) to enter a cooperative relationship with a firm to achieve their optimal combined payoff Π C .
Remark 7.
With large N , (24) will not be able to hold. This leads to φ * > 1 and 1 − φ * < 0, which means the combined payoff of the research alliance Π C is maximized at the sacrifice of the payoff of the university part. This gives the anther reason of the top-rated university's reluctance of collaboration with less invested innovation project.
Conclusion and Future Work
In this study, we establish a university-industry collaboration model. We formulate the production of knowledge using Cobb-Douglas function. Based on this, we develop the mathematical models of the payoff for both the firm and the university. We further give a detailed analysis on the selection of collaborator on innovation project from the perspectives of both sides, in both non cooperative game and cooperative game settings. Under that assumption that (1) at one time a firm can only link to one university and a university can only link to one firm, (2) a firm or a university will not enter a collaboration relation if there is limited payoffs to themselves, the following results are obtained:
(1) In general a firm will choose to collaborate with larger universities with better reputations and more relevance to their innovation project. (2) A university's relevance to a firm's innovation project has a more important marginal effect to the firm's payoff over the university's reputation (rank). Thus, when a firm's makes the decision on which university to collaborate, they may place a higher priority on relevance over reputation (rank). (3) A university prefers to collaborate with on an innovation project that is most aligned with its capability and support for students. (4) When two projects have the similar investment package and both of their relevance to a university's capacity reaches certain level, the university may choose to collaborate with the project that is less aligned with its capabilities in order to gain expertise in an area that is more complementary and enhance its research capacity in the long run. (5) A university's relevance to an innovation project impacts a university's cost (of both labor and equipment) in conducting this project. When two projects are not equally aligned to a university's capabilities, but each exceeds a critical alignment level, the the university may choose to collaborate on the project that is less aligned in order to to achieve its maximum payoff in terms of additional capability and advanced reputation. (6) For a firm and a university to enter a cooperative collaboration with agreement on proportions each part contributes to their combined payoff , the firm's investment and the university's research capacity need to well aligned. A large university with large expenses for research capacity may be reluctant to collaborate to small funded innovation with low payoff and high risk to its current reputation. Smaller universities with aligned capabilities may be better suited for low payoff projects with reputational payoffs above the value of its current reputation. Our future work will extend the current one-to-one collaboration model to one-tomany version, i.e. one firm collaborates with more than one universities for one innovation project. Furthermore, we hope to explore the many-to-many universityindustry collaboration, that is, several firms co-invest on an innovation project which will be conducted by the collaboration of several universities. To these ends, numerical studies will complement analytical studies when solutions no longer possess a closed form.
